RATNER’S PROPERTY AND MIXING FOR SPECIAL FLOWS
OVER TWO-DIMENSIONAL ROTATIONS (EXTENDED VESION)

K. FRACZEK AND M. LEMANCZYK

ABsTrACT. We consider special flows over two-dimensional rotations by («, )
on T2 and under piecewise C? roof functions f satisfying von Neumann’s
condition

/ fz(z,y) dzdy 75075/ fy(z,y) dz dy.
T2 T2

Such flows are shown to be always weakly mixing and never partially rigid. For
an uncountable set of («, 8) with both o and 8 of unbounded partial quotients
the strong mixing property is proved to hold. It is also proved that while
specifying to a subclass of roof functions and to ergodic rotations for which «
and B are of bounded partial quotients the corresponding special flows enjoy
so called weak Ratner’s property. As a consequence, such flows turn out to be
mildly mixing.

1. INTRODUCTION

Mixing properties, especially strong and mild mixing, of special flows over one-
and multi-dimensional irrational rotations under some regular roof functions have
been intensively studied during last few years, e.g. [4]-[6], [8], [9], [16], [18]-[24].
Such special flows appear often while studying smooth flows (or at least ergodic
components of smooth flows) on some compact manifolds; indeed, a choice of a
natural transversal may lead to a special representation over a rotation, see e.g. [2],
8], [15], [20]

It is already in 1932 when von Neumann [25] considered special flows over irra-
tional rotations on T = [0, 1) under roof functions f which were piecewise C*. He
proved weak mixing of such flows whenever the condition

1) [ r@a#o

was satisfied. Linear functions f(xz) = ax + b for 0 < z < 1 (with a # 0 and
b € R so that f > 0) are the simplest examples of roof functions satisfying von
Neumann’s condition (1). Piecewise C''-functions are of bounded variation, hence,
as shown by Kochergin [18] in 1972, the corresponding special flows are not mixing.
A natural question whether a special flow over an irrational rotation by « € [0,1)
under f piecewise C! and satisfying (1) can enjoy a stronger property than weak
mixing was answered positively in [8]; indeed, such flows turn out to be mildly
mixing whenever « has bounded partial quotients. As a matter of fact, the mild
mixing property has been proved in [8] in two independent steps: first, the absence
of partial rigidity (which does not require any Diophantine condition on «) has
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been proved and then so called Ratner’s property has been established for a with
bounded partial quotients.

In the present paper we consider special flows over an egodic two-dimensional
rotation T'(x,y) = (z+ o,y + B). Our roof functions f : T? — R will be piecewise
C? (discontinuities of f are contained in finitely many horizontal and vertical lines,
see Definition 3) and will satisfy a two-dimensional analog of (1)

(2) /1r2 fo(z,y)dedy # 0 or /T2 fy(z,y)dedy # 0.

In what follows (2) will be referred to as the weak von-Neumann’s condition. We
will observe that this condition implies the weak mixing property of the corre-
sponding special flows 77/ (Theorem 3.2) as well as the absence of partial rigidity
(Theorem 4.1). As in [8], our aim will be to prove that such flows are mildly mixing.
If we want the strategy from [8] of showing the mild mixing property (under some
Diophantine assumptions on (o, 8)) to work we need to prove an analog of Ratner’s
property for such flows. This is done only partially, namely, in a restricted class
of roof functions satisfying (2) and both « and (3 are assumed to have bounded
partial quotients, see Theorem 7.4 in which so called weak Ratner’s property is
proved to hold. The class of roof functions includes all positive linear functions
flz,y) = ax + by + ¢ with a/b € R\ Q. Then, the mild mixing property follows
(Theorem 8.2). Proving (even the weak) Ratner’s property of such flows is of in-
dependent interest, as it has some other ergodic consequences (Theorem 5.9, see
also [28]). Recall that the original notion, introduced by Ratner in [26] and called
there H,-property, is as follows:

Ratner’s property. Let (X, d) be a o—compact metric space, x4 a probability Borel
measure on (X,d) and (S;)ier a p—preserving flow. The flow (S;)ier is called H,—
flow, p # 0, if for every ¢ > 0 and N € N there exist Kk = k(e) > 0,0 = (e, N) >0
and a Borel subset Z = Z(e, N) C X with u(Z) > 1 — ¢ such that if z,2’ € Z,
x’ is not in the orbit of  and d(x,2’) < §, then there are M = M(x,2’) > N,
L =L(z,2") > N with L/M > & such that if we denote

KE={neZn[M,M+L)]:d(Sn(x),Smniny(a)) <c}
then either #KT/L >1—cor #K /L >1—¢.

Ratner’s property, originally proved by M. Ratner [26] for horocycle flows, in
the framework of special flows over irrational rotations first appeared in [8]. In
fact, already in [8] the original definition of Ratner has been modified and +p was
replaced by a finite subset of R\ {0}. In the present paper we need a further
weakening of the definition: we introduce a compact set P C R\ {0} so that the
orbits of two close different points are close up to a shift of time belonging to P on
sufficiently long pieces of orbits. We call this property weak Ratner’s property (see
Definition 4).

Unlike the one-dimensional rotation case, special flows over two-dimensional ro-
tations even under smooth functions can be mixing, see [5], [6]. In Section 9 we
show that special flows with piecewise C? roof functions and satisfying the following
strong von Neumann’s condition

(3) /T? fao(z,y)dzdy # 0 and /T2 fylz,y)dedy #0
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are mixing for uncountably many (a,3) € T? (Theorem 9.3). The main tool to
prove mixing property we use is a Fayad’s criterion from [5]. In particular, in the
linear case f(z,y) = ax + by + ¢ mixing is possible for a special choice of «, 5 — a
phenomenon which can not happen in the one-dimensional case.

1.1. Plan of the paper. The plan on the paper is as follows: Section 2 introduces
terminology and notation that will be used throughout the remainder of the pa-
per. In Section 3 we will show weak mixing of the special flow 7/ (Theorem 3.2)
assuming that the roof function f : T? — R, is piecewise C? and satisfies (2).
In Section 4 we will establish the absence of partial rigidity under the same as-
sumption (Theorem 4.1). The proofs of these results are proved in spirit to the
one-dimensional case in [8].

Next part of the paper deals with mild mixing. We use a criterion from [§]:
If a flow is not partially rigid and it is a finite extension of each of its non-trivial
factors (finite fibers factor property) then it is mildly mixing. The absence of partial
rigidity being already established, in order to deal with the second assumption the
notion of weak Ratner’s property is introduced in Section 5. Then, in Theorem 5.9,
it is proved that weak Ratner’s property implies finite fibers factor property.

In Section 6 we present techniques (Lemma 6.3 and Proposition 6.4) that help us
in proving the weak Ratner property to hold for special flows built over rotations.
In Section 7 we introduce a class of piecewise C? von Neumann roof functions on
T2 and we consider the corresponding special flows over ergodic rotations whose
both coordinates have bounded partial quotients. Using techniques from Section 6
for this class of special flows, we prove weak Ratner’s property (see Theorem 7.4),
which finally establishes mild mixing. Moreover, in Section 8 we provide an example
from this class which is mildly mixing but is not mixing.

Section 9 deals with mixing property for special flows with piecewise C? roof
functions satisfying strong von Neumann’s condition (3) and it uses methods dif-
ferent from earlier sections. We first notice that Fayad’s criterion [5] (alternating
uniform stretch of the Birkhoff sums in the vertical and horizontal directions) of
mixing of special flows for C? roof functions can be extended to piecewise C? case.
Then we prove mixing over an uncountable family of rotations by (c, ) on T? (both
« and $ have unbounded partial quotients).

We will discuss some other consequences of the results proved in the paper as
well as some open problems in Section 10.

Our special thanks go to A. Katok who was the first to conjecture that al-
ready linearity over two dimensional rotations may be sufficient for strong mixing
property of the corresponding special flows. Such mixing flows are apparently the
simplest examples of mixing flows in the framework of special flows under regular
roof functions and over multi-dimensional rotations.

We also thank both referees for numerous comments and suggestions which led
both to a better presentation as well as to stronger results than in the first version
of the paper. Especially, we thank one of the referees for proposing the main idea
of the proof of Theorem 7.4.

2. NOTATION

Let T be an ergodic automorphism of a standard probability Borel space (X, B, u1),
this is for every T—invariant set A € B, either A or its complement X \ A has mea-
sure zero. Assume f: X — R is a strictly positive integrable function and let B(R)
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and A denote Borel o—algebra and Lebesgue measure on R respectively. Then by
T+ = (T/)ser we will mean the corresponding special flow under f (see e.g. [3],
Chapter 11) acting on (X7, BY, /), where X/ = {(x,5) € X xR: 0 < s < f(z)}
and B (uf) is the restriction of B® B(R) (1 ® Ar) to X7. Under the action of the
flow 77 each point in X7 moves vertically at unit speed, and we identify the point
(z, f(x)) with (T'z,0). Given m € Z we put

f@)+ f(Tz)+ ...+ f(T™z) if m>0
) (z) = 0 if m=0
—(f(Tmx)+ ...+ f(T7 ) if m<O.

Then for every (z,s) € X/ we have
T (2,5) = (T"z, 5+t — ") (x)),

where n € Z is unique such that (") (z) < s+t < fD(z).
If X is equipped with a metric d whose Borel o—algebra is equal to B then we
will consider on X/ the metric df defined by

(4) df((xhsl), (x2,82)) = d(x1,z2) + |81 — 2| for (21, 51), (x2,52) € X7,

Definition 1. A measure-preserving flow (S;):cr on a standard probability Borel
space (X, B, p) is mizing if

tlim w(S:AN B) = p(A)u(B) for all A, B € B.
If forall A,B € B

1

T
fim 7 [ W(SANE) =~ p(A(B)] dt =0
T— o0 T 0

then (S})ier is weakly mizing.

Of course, mixing implies weak mixing, and the following conditions are equiva-
lent (see [3]):
(1) (St)ter is weakly mixing;
(if) the Cartesian product flow (S; x S})ier is ergodic provided that (S}):cr is
an ergodic flow on a standard probability Borel space;

(iii) if F': X — C is an eigenfunction corresponding to an eigenvalue 6 € R, i.e.
F(Six) = ™ F(x) then § = 0 and F is constant.

Definition 2. A measure-preserving flow (S;)tcr on a standard probability Borel
space is mildly mizing if its Cartesian product with an arbitrary ergodic (finite or
infinite conservative) measure-preserving transformation remains ergodic.

Recall that a measure-preserving flow (S}):er on a standard probability Borel
space (X', B, ') is a factor of the flow (S;):cr if there exists a measurable map
1 : X — X’ such that the image of u via ¢ is p/ and ¢ 0 Sy = S} o ¥ for every
t € R. Then the flow is (S¢)ier called an extension of (S])ier. If additionally, v is
finite-to-one almost everywhere then (S:):cr a finite extension of (S})ier.

A measure-preserving flow (S;):cr on a standard probability Borel space (X, B, )
is rigid if there exists a sequence (t,,), t, — oo such that p(Sy, BAB) — 0asn — o0
for every B € B.
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It is also proved in [11] that a probability measure—preserving flow (S)ier on
(X, B, pt) is mildly mixing iff (S;);cr has no non-trivial rigid factor, i.e.
litminfM(StBAB) > 0 for every B € B with 0 < p(B) < 1.
— 00
It follows that the mixing property of a flow implies its mild mixing which in turn
implies the weak mixing property.
Assume that T is an ergodic automorphism and f : X — Ry is in LY(X, B, u).

It is well-known (see e.g. [14]) that the special flow T/ is weakly mixing if and only
if for every s € R\ {0} the equation

(5) W(Tx)/Y(z) = e2misf (@)

has no measurable solution ¢ : X — S = {z € C: |z| = 1}. Assume moreover
that T is rigid, i.e. for some increasing sequence (gy,), (T ANA) — u(A) for each
A € B. We will make use of the following simple criterion of weak mixing of special
flows over rigid systems.

Proposition 2.1. Under the above assumptions suppose additionally that there
ezists C' > 0 such that

[ )| < /1

for every s # 0 and for all n large enough. Then (5) has no measurable solution
for s # 0 and therefore the special flow TS is weakly mizing.
Proof. Suppose that for some s # 0 and a measurable 9 : X — S!
D(Tx) [ip(x) = 7).
Then for all k£ € Z \ {0} and all n large enough we have

‘ | oo dua)

_‘/ 2RI ()| < Ol
X

and since clearly ¢* o T9 . ¢)* — 1 in measure, when n — oo, we obtain a contra-
diction. O

We denote by T? the torus R?/Z¢ which we will constantly identify with the
d—cube [0,1)?. Let Apa stand for Lebesgue measure on T¢.

A homeomorphism T' of a compact topological space X is called uniquely ergodic
if it admits a unique T—invariant probability Borel measure p. Then the measure-
preserving automorphism T of (X, ) is ergodic and for every continuous function

f: X—>C
1n—1

(6) - Z f(T*z) — /X f dp uniformly in z € X.

k=0

Recall that if 7' : T? — T9 is the rotation by a vector (as,...,aq) € T¢ such that
ai,...,qq,1 are independent over Q then T is uniquely ergodic. Moreover, using
standard arguments this gives (6) for every Riemann integrable function f : T¢ — C
with o= )‘Td'
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For a real number ¢ denote by {t} its fractional part and by ||¢|| its distance to
the nearest integer number. For an irrational o € T denote by (g, ) its sequence of
denominators (see e.g. [17]), that is we have

1 1
(7) <o < ,
QQnQn-‘rl Adn dndn+1
where
Go=1 @ =a, @nt1= 04100+ qn-1
po=0, pr=1 pnt1=ans1Pn +Pn-1.
Let [0;a1,as9,...] stand for the continued fraction expansion of «. The rational

numbers p, /g, are called the convergents of the continued fraction. The number
« is said to have bounded partial quotients if the sequence (ay,) is bounded. Then
there exists a natural number C' such that ||na| > 1/(C|n|) for every non-zero
integer n. It follows that gs11 < Cg, holds for each natural s.

Definition 3. A function f : T2 — R is called a piecewise C" —function if there exist
0<a <...<anv <land 0 <b; <...<by <1suchthat f: (aj,aj41) X
(b, bg+1) — R is of class C” and it has a C"—extension to [a;,aj+1] X [bk, by+1]
forevery 1 < j < N and 1 < k < M, where ayy1 = a1 and byry1 = by and the
intervals [an,a1] and [bys, by] are meant mod 1.

Remark 2.2. Modifying f on a set of measure zero, if necessary, we can always
assume that f is of class C" on every set [a;,a;11) X [bg, bry1).

3. WEAK MIXING

In this section we will show weak mixing assuming that the roof function f :
T? — R, is piecewise C? and satisfies the von Neumann condition (2) (in the
following section we will establish the absence of partial rigidity under the same
assumption). We recall that all rotations on tori are rigid.

Lemma 3.1 (see [13]). Let h : T — R be a piecewise absolutely continuous map
with N discontinuities. Suppose that b’ : T — R is of bounded variation and
|W ()| > 6 >0 for all z € T. Then

, N  Varh'
27ih(z) dr| < = )
/Te x’ =70 200

Proof. Suppose that 0 < a; < ... < ay < 1 are all discontinuities of h (we set
an+1 = a1). Using integration by parts we obtain

Aj41 . aj+1 1 .
2mih(z) d — d 2nih(z)
/a, ‘ ! /a 2l ()

2mih(x) Q41 Gjt1 ) 1
|: e :| _/ 627Tzh(w) d

2mih! (z) | 4+ ; 2mild (z)”
Moreover,
ajt1 ) 1 1 1
2mih(x) d—— | < V. o — < —V as B
/aj ‘ omil/(w)| = 2m o lewernl = g2 Y lesesnl]
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and

<
2mih! () -

+ o
@

|: e27rih(m) :|aj+1 1

It follows that
N V
‘ 1 1 N ar b’/
2mih(x) dx| < E — 4+ —V - as h, "y o002 °
/’]I‘e = i=1 (7‘(’9 o2 " lagaiial w0 = 27H2?

O

Theorem 3.2. Let T : T? — T?, T(x,y) = (z + o,y + 3) be an ergodic rotation.
Suppose that f : T? — Ry is a piecewise C%—function satisfying (2). Then the
special flow T' is weakly mizing.

Proof. Suppose that fTQ fo(z,y)dxdy # 0. The proof of the symmetric case runs
similarly. By Proposition 2.1, it suffices to show that there exist C' > 0 and ng € N

such that for every s # 0 and n > ng we have ‘fw e2misf™ (w,y) dacdy’ < C/|s|. Since
fz : T2 = R is Riemann integrable and T is uniquely ergodic, (f™),/n = (f,)™ /n
tends uniformly to [, fz(x,y)dxdy # 0. Therefore there exist § > 0 and ng € N
such that |(f).(x,y)| > On for all (z,y) € T? and n > ng. Fix n > ng and
y € T. Since T 3 z +— f(™(z,y) € R is a piecewise C?>~function with at most n.N
discontinuities, by Lemma 3.1 applied to (™) (-, y),

(n)y/( .
27”;Sf(n)(x»y)d < niN VaI“S(f )( ,y)
/Te o= 7r|s|0n+ 27ms2602n?
o N S Iyt k)l
— 7ls|d 2ms62n?
N Hmeco
w|s|0  2m|s|6%n’
so also
/ eQﬂ'isf(n)(z’y) dxdy S/ /GQWiSf(")(w,y) dx dyg N + ||fac:1(:||Co7
T2 T |JT w|s|@ = 27|s|60%n
which completes the proof. O

4. ABSENCE OF PARTIAL RIGIDITY

Let us recall that a flow (Si):cr acting on a standard probability Borel space
(X, B, u) is called partially rigid if there exist x > 0 and R > r; — oo such that
liminf; o p(AN S, A) > ku(A) for each A € B.

Theorem 4.1. Let T : T? — T?, T(x,y) = (z + o,y + 3) be an ergodic rotation.
Suppose that f : T? — Ry is a piecewise C'—function satisfying (2). Then the
special flow T' is not partially rigid.

To prove Theorem 4.1 we will need the following.
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Lemma 4.2. Let (f,)nen be a sequence of piecewise Ct—functions f, : T — Ry for
which there exist 0 < c < C,0< 0 <O, mg €N, N €N and finite sets D(f,) C T
containing all discontinuity points of f, such that

(8) fnfl(x) +c< fn(x) < fnfl(x) + C f07“ alln € N; zeT (fO = 0)7
(9) D(fn) C D(fn+1) and #D(fn) < Nn,
(10) On < |f)(z)] < On for alln > ng and x € T\ D(f,).

Then for every t > 2Cngy and 0 < € < ¢/4 we have

16C
AT ({l’ eT: EjGN |fj(l') — t| < 8}) < W(NC‘F @)8
Proof. Fix t > 2Cng and 0 < ¢ < ¢/4. Notice that, by (8), jc < f; < jC for all
j > 0. Let J stand for the set of all natural j such that |f;(z) —t| < ¢ for some
x € T. Then for such j and & we have t+¢ > f;(x) > ¢j and t—e < fj(z) < Cy,
whence

(11) H(20) < (t—)/C < j < (t+¢) /e < 2t/c

for any j € J; in particular, J is finite and j € J implies

< t
nn < ——
053¢ <

Let j = maxJ. Set k := #D(f;) < Nj < 2Nt/c. The elements of D(f;)
partition T into subintervals Iy, ..., I;. Notice that for every j € J the function f;
is of class C! and strictly monotone (because of (9) and (10)) on the interval I,
i=1,... k.

Fix 1 <i¢ < k. Forevery j € Jlet I;; = {x €l :|fj(x) —t| <e}. Since f; is
monotone on I;, I; ; is an interval although it can be empty. If I; ; = [21, 22] is not
empty then, by (10) and (11),

(12) 041151 < |(f5)-(22) = (f)+(21)] < 2e <

Now suppose that = € I; ; and y € I; j» with j # j'. Since z,y are in the same
interval of continuity of f;, by (10) and (8), it follows that

Ojly —=| > 6jly — x| > [f;(y) — f;(x)|
> |fi(y) = fr )] = |fr(y) =t = fi(x) —t] > c—2e >

In particular, there is no overlap between I; ; and I; .

Let K; = {j € J : I, ; # 0} and suppose that s = #K,; > 1. Then there exist
s — 1 pairwise disjoint subintervals H; C I;, [ =1,...,s — 1 that are disjoint from
intervals I; ;, j € K; and fill up the space between those intervals. In view of (13)
and (11) we have |H;| > ¢/(2j0) > ¢*/(4t0) for l = 1, ..., s — 1. Therefore, by (12)

and (13), we obtain

(13)

o

3oLyl < JAce 4705+1605®(8_1)i
7 th o c20 4t0

JEK;

AN

405 1605@ e 16CO
Z|Hl|_ 5 |1;).

20
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Since
k
B:={xeT:Jen|fjx)—tl<c}c|J U L
i=1jeK;

it follows that

k k
4Ce  16CeO
m(B) < 3 Y Il <3 (S + )
i=1 jEK; i=1
4Cak‘ 1606@ 4C’5k 16C<O
= I p—
Z |5l = c20
N 1 1
< 8Ce n 6CeO < 6Ce (Ne+0).

cf c20  — 20
O

Proof of Theorem 4.1. Suppose that f']r? fu(z,y) dedy # 0. The proof of the sym-
metric case runs similarly. Let ¢, C be positive numbers such that 0 < ¢ < f(z,y) <
C for every (z,y) € T2. Assume, contrary to our claim, that T is partially rigid.
By Lemma 7.1 in [8], there exist (¢, )nen, tn — +00 and 0 < v < 1 such that for
every 0 < € < ¢ we have

(14) lim inf Aps ({(m,y) €T2: Jjen |f D (2,) — ta] < a}) > .

n— oo

Let 0<a; <...<any <land 0<b <...<by <1 be points determining
the lines of points of discontinuity for f. Since f, : T? — R is Riemann integrable,
by the unique ergodicity of T, there exist 0 < § < © and my € N such that
ml < |(f2)™ (x,y)] <m® for all (x,y) € T? and m > my.

Take 0 < e < W‘L@)u. Fix y € T. For every m € N let us consider the map
T >z~ f(2,9) € Ry and set D(f™) (- ) ={axr —ja: 1 <kE<N,0<j <
m}. Then f0™ (. y) is piecewise C'! and its discontinuity points are contained in
D(f(m)( . >y)) Moreover’ D(f(m)( : 7y)) - D(f(m+1)( : 73/)), #D(f(m)( " y)) < Nm
and

(@ y) = f D (@ y) + o T Hayy) € UV (a,y) + (e, C).
Now an application of Lemma 4.2 to the sequence () (-,9))men gives

, 160
Ar ({x €T Jien |fD (2, y) — ta] < 5}) < Gor (Ne+©)e <u/2

whenever t,, > 2C'mg. By Fubini’s Theorem,
A2 ({(w,y) €T?: Jjen |FO (2, y) — ta] < 5})

- / Mo ({2 €T Jjen 1/ (w,y) — tal < €}) dy < u/2

whenever ¢, > 2Cmyg, contrary to (14). O
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5. WEAK RATNER’S PROPERTY

In this section we introduce and discuss consequences of weak Ratner’s property.
Weak Ratner’s property will be one more weakening of the classical Ratner condi-
tion from [26]. The present idea has already been used in case P is finite in [8] and
[9]-

Definition 4. Let (X, d) be a o—compact metric space, B be the oc—algebra of Borel
subsets of X, u a probability Borel measure on (X,d). Assume that (S;):cr is a
flow on (X,B,u). Let P C R\ {0} be a compact subset and o € R\ {0}. The
flow (St)ter is said to have the property R(to, P) if for every ¢ > 0 and N € N
there exist kK = k() > 0, 6 = d(¢, N) > 0 and a subset Z = Z(e, N) € B with
w(Z) > 1—esuch that if x,2’ € Z, «/ is not in the orbit of z and d(x,2’) < J, then
there are M = M(x,2’) > N, L = L(z,2’) > N such that L/M > « and there
exists p = p(z, ') € P such that

4{n € Z0 [M, M + L] : d(Suto (@), Snig (")) < e}

L

Moreover, we say that (S;)icr has the property R(P) if the set of s € R such that
the flow (S¢);cr has the R(s, P)—property is uncountable. Flows with the latter
property are said to have weak Ratner’s property.

>1—e¢.

Remark 5.1. Note that the original Ratner notion of #H,—flow, introduced in [26],
is equivalent to requiring that a flow has R(p, {—p, p})—property.

The notion we introduce is different from the concept of Ratner’s property pre-
sented by Witte in [30]. The main difference is that Witte admits compact subsets
in the centralizer of the flow (S;)icr as the set of displacements. In our approach
this set is included in the flow. It should be emphasized that Witte has used his
notion to prove certain rigidity phenomena of some translations on homogeneous
space but not to study the structure of joinings which is one of our aims.

The following result is a simple consequence of Birkhoff’s Ergodic Theorem.

Lemma 5.2. Let T : (X, B, ) — (X, B, 1) be an ergodic automorphism and A € B.
For everye >0, 6 > 0 and k > 0 there exist N = N(g,0,k) € N and X (e,6,k) € B
with (X (,0,k)) > 1 — 3§ such that for every M,L € N with L > N and L/M > &

we have
M+L

1
7 Z xa(T"x) — p(A)| < e for all x € X(g,0,k). O
n=M

Remark 5.3. If the set P C R\ {0} is finite then using Luzin’s theorem and
Lemma 5.2 one can easily show that the R(s, P)—property does not depend on
the choice of the metric d on X compatible with 5. We have been unable to decide
whether for P infinite (and compact) the R(s, P)-property depends on the choice
of the metric; it is very likely that it does. This is why we are forced to put one
more assumption on d, see (15) below (see also Remark 5.5 below).

We will constantly assume that (S;):cr satisfies the following “almost continuity”
condition
for every ¢ > 0 there exists X (¢) € B with (X (¢)) > 1 — ¢ such that

(15) for every € > 0 there exists £; > 0 such that
d(Syz,Spx) < € for all x € X (g) and t,t' € [—e1,e1].
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Notice that if (S;);er is a special flow acting on a space Y/ equipped with a metric
of the form (4) then (15) holds.

We intend to prove a version of famous Ratner’s theorem which describes the
structure of ergodic joinings between a system satisfying weak Ratner’s property
and an arbitrary one, see Theorem 5.9.

Assume that S = (St)ier and T = (T)ter are ergodic flows acting on (X, B, u)
and (Y, C,v) respectively. By a joining one means any (S; X T});cg—invariant prob-
ability measure p on (X x Y, B® C) with the marginals p and v respectively. We
then write p € J(S,T). The set of ergodic joinings is denoted by J¢(S,T).

An essential step of the proof of Theorem 5.9 will be based on the following
result.

Lemma 5.4. Let (St)ier and (Ti)ier be ergodic flows acting on (X,B,u) and
(Y,C,v) respectively and let p € J(S,T) N J°(S1,T1). Assume that (S;)ier and
(X,d) satisfy (15). Let P C R be a non-empty compact set. Suppose that A € B
with 1(0A) = 0 and B € C. Then for everye,d, k > 0 there exist N = N(e,d,k) € N
and ©(e,6,k) € B®C with p(O(e,d,k)) > 1 — 0 such that for every M, L € N with
L >N and L/M > k we have

M+L

Z xs_,axB(Sjx, Tjy) — p(S_p,A x B)| < ¢
j=M

for all (z,y) € O(e,d,K) and p € P.

1
L

Remark 5.5. If in Lemma 5.4 we take p = p® v, B =Y and k = 1 then for every
€,0 > 0 there exist N(g,d) € N and O(¢,d) € B with u(0(e,d)) > 1 — ¢ such that
for every L > N(g,d) we have

(16) sup |— ZXA(S]-_H,x) — p(A)| < e for all € O(¢,9).

As it was pointed to us by E. Lesigne, if we let (S;) be an arbitrary flow, and A € B
be also arbitrary then (16) fails to be true for P = [0, 1]. This is one more reason
to justify our additional assumption (15) on (S;) and d.

Proof of Lemma 5.4. Fix €,6,k > 0. Let V.(A) = {z € X : d(2,A) < €}. Since
u(0A) = 0, there exists ¢’ > 0 such that pu(V.(A)) — u(A) < e/4,

p(A) = p((Ver (A%))) = p(Ver (A%)) — p(A°) < e/4.

By (15), there exists e; > 0 such that d(Siz, Spz) < & for all € X(¢/4) and
t,t" € [—e1,e1]. It follows that

12 U SftA

te[—e1,e1]

IN

pl U SeAnX@E/a) | +u| U SoANnX(e/4)"

te[—e1,e1] te[—e1,e1]

< p(Ver(A) + p(X(e/4)°) < n(A) +¢/2.
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Similarly g (Ute[%heﬂ S_tAC> < 1(A°) +€/2, and hence

u( N s_tA) - l—u( U s_tAc) > 1 (u(A) +2/2) = u(4) ~&/2.
te| te|

—€1,€1] —e1,1]
For every ¢ > 0 and p € R set
Iep)= () (SeepAxB)and U(e,p) = |J (S-+-pAx B).
te[—e,€] te[—e,€]

It follows that for every p € R we have
p(U(er,p)) — p(S-pA x B)

= p| U (S4pAxB)\S ,AxB

te[—e1,e1]
= U SopA\SA | xB| <pu| |J S-ipA\S,A
te[—e1,e1] te[—e1,e1]

= ulC U saana]<ep

te[—e1,e1]

and similarly
p(S—pAx B)—p(I(e1,p)) <e/2.

Let @ C P be a finite set such that P C @ + [—£1/2,¢1/2]. By Lemma 5.2 applied
to Ty xS1: (X xY,p) = (X xY,p) and sets U(e1/2,q), I(£1/2,q) for g € Q, there
exist N € Nand © C B® C with p(©) > 1 — ¢ such that for every M, L € N with
L > N and L/M > k we have

1 M+L
7 > XU /20 (i, Tiy) — p(U(e1/2,9))| < /2
=M
and
1 M+L
7 > X2 S5z Ty) — p(I(21/2,9))| < £/2

j=M

for all (z,y) € © and ¢ € Q. Take p € P and choose ¢ € @ such that p €
q+[—€1/2,1/2]. Then

I(e1,p) CI(e1/2,q9) C S_pAx B CU(e1/2,q) CUler,p).

Thus
1 M+L 1 M+L
7 > Xs_,axn(Sz, Tjy) < 7 > XU 2,082, Tiy)
=M j=M

< pU(er/2,9)) +¢/2 < p(U(er,p)) +¢/2 < p(S—pA X B) +¢
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and
| ML M+L
I Z Xs_,AxB(Sjz, Tjy) > I Z X1(e1/2,q) (S5, Tjy)
j=M j=M
> p(I(e1/2,9)) —€/2 = p(I(e1,p)) —€/2 > p(S—pA x B) —¢,
which completes the proof. O

Lemma 5.6. For every A € B there ezists a set T C (0, 400) such that (0,400)\ T
is countable and p(0V.(A)) =0 for alle € Y.

Proof. Note that OV (A) C {zx € X :d(z,A) =€} and {{x € X : d(z,A) =€} : e >
0} is a family of closed pairwise disjoint sets. Since p is finite, the set of all € > 0
such that p({z € X : d(x, A) = €}) > 0 is countable. It follows that u(0V.(A)) > 0
for at most countably many € > 0. (]

Remark 5.7. Since (X, d) is a Polish space, by the regularity of u and Lemma 5.6,
we can find {4; : i € N} a dense family in (B, 1) such that u(0A4;) =0 for all i € N.

Lemma 5.8 (see the proof of Theorem 3 in [26]). Let (St):ier and (T3)ier be ergodic
flows acting on (X, B, 1) and (Y,C,v) respectively and let p € J¢(S,T). Suppose
that there exists U € B ® C with p(U) > 0 and 6 > 0 such that if (z,y) € U,
(2',y) € U then either x and x' are in the same orbit or d(x,x’) > . Then p is a
finite extension of v. O

Theorem 5.9. Let (X,d) be a o—compact metric space, B be the o-algebra of
Borel subsets of X, u a probability Borel measure on (X,d). Let (Si)ier be a
weakly mizing flow on the space (X,B,u) that satisfies the R(P)-property where
P c R\ {0} is a nonempty compact set. Assume that (St)ier and (X,d) satisfy
(15).

Let (T:)ter be an ergodic flow on (Y,C,v) and let p be an ergodic joining of
(St)ter and (Tt)ier- Then either p = p Q@ v, or p is a finite extension of v.

Proof. Suppose that p € J(S,T) and p # p ® v. Since the flow (S; X Ti)ier is
ergodic on (X x Y, p), we can find tg # 0 such that the automorphism S;, x T}, :
(X xY,p) = (X xY,p) is ergodic and the flow (S;):er has the R(to, P)-property.
To simplify notation we assume that ¢g = 1.

By Remark 5.7, there exist two families {4; : i € N} and {B; : i € N} dense in
(B, 1) and (C,v) respectively such that p(0A4;) = 0 for all « € N. Let us consider
the map

=1
R >t o(t) := Zl WV)(S_tAi x B;) — p(A; x Bj)| € R.
1,]=
Since
=~ 1 =1
lo(t)—o(t')] < *21 377 |P(S—tAix Bj)—p(S—v Aix Bj)| < z; i (St AiDS_v Ay)
1,)= 1=

and R 3 ¢ — S; € Aut(X, B, 1) is a continuous representation, the function p is
continuous. Notice that o(t) > 0 for ¢ # 0. Indeed, if g(t) = 0 then p(S_;A; x B;) =
p(A; x B;) for all ¢, j € N, and hence p(S_4Ax B) = p(Ax B) forall A B, BeC.
By the ergodicity of S;, we obtain p = p ® v.
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Since P C R\ {0} is compact, there exists ¢ > 0 such that o(p) > ¢ for p € P.
Let M be a natural number such that 1/21%7 < ¢/2. Since

i,5>M
Mo
Z ﬁ|p(S_pAi x Bj) — p(Ai x Bj)| > ¢/2 for all p € P,
ij=1
we have
(17) VpepalgiﬁjSM |p(S,pAZ X B]) — P(Az X Bj)| >e>0.

Since pu(9(4;)) =0, by Lemma 5.6, we can choose 0 < €1 < £/8 such that
for 1 <3< M. It follows that
(18) [p(Ai x Bj) — p(Ve, (Ai) x Bj)| <¢e/2,
Ip(S—tA; x Bj) — p(S—tVe, (Ai) x B;)| <¢e/2
forall1 <4i,5 <M and t € R.
Let x := k(e1)(> 0). By Lemma 5.2 applied to the sets V., (4;) x B; and
the automorphism S; x T3, and Lemma 5.4 applied to the pairs of sets A;, B,

i,7 = 1,..., M, there exist a measurable set U C X x Y with p(U) > 3/4 and
N € N such that if (z,y) e U,pe P,1<14,j<M,l> N and [/m > k then

m-1

1 €
(19) 7 > xvi, (4w, (Skw Try) = p(Ve, (Ai) x Bj)| < 3
k=m
1 ml €
(20) 7 > Xs_paixs, (Skz, Tey) — p(S_pAi x Bj)| < 3
k=m

and similar inequalities hold for A; x B; for (19) and S_, V¢, (4;) x B; for (20).

Next, by the property R(1, P), we obtain relevant § = é(e;, N) > 0 and Z =
Z(e1, N)e B, u(Z) >1—e;.

Now assume that (z,y) € U, (¢',y) € U, z,2’ € Z and z’ is not in the orbit of .
We claim that d(z,z’) > . Suppose that, on the contrary, d(z,2’) < §. Then, by
the property R(1, P), there exist M = M (x,2’), L = L(z,2’) > N with L/M > &
and p = p(z,2') € P such that (#K,)/L > 1 — &1, where

K,={ne€eZnN[M,M+ L] :d(Sy(x), Snip(z") <e1}.
From (17), there exist 1 < 4,5 < M such that
(21) IP(S_pAs x By) — p(Ai x Bj)| > & > 0.
If k € K, and Si4p2’ € A;, then Spz € V., (A;). Hence
M+L

> Xs_,aixB, (Skt’, Tey)
k=M

1
L
#(ZN M, M+ L]\ K,)

1
(22) < 7 t1 Z XA;%B; (Skapt’, Thy)
kEK,

M+L

<e/8+ I k;/j XVe, (A:)x B; (S, Try).
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Now from (20), (22), (19) and (18) it follows that

| MAL
pSpAixB)) < ¢ > Xs_paixs, (Ska!, Try) +¢/8
k=M
M+L
< eg/d4+ I Z XV., (A:)xB; (Sk@, Tiy)
k=M
< 5/2+p(‘/;—1(A1)XBJ)<€+p(AZ><BJ)

Applying similar arguments we get

p(Az X Bj) <e+ p(S_pAi X BJ)
Consequently,

|p(Ai x Bj) = p(S—pAi X Bj)| <&,
contrary to (21).

In summary, we have found a measurable set Uy = U N (Z(e1,N) x Y) and
0(e1, N) > 0 such that p(U1) > 3/4—¢e1 > 1/2 and if (z,y) € Uy, (2/,y) € Uy then
either « and z’ are in the same orbit or d(z,z’) > é(e1, N). Now an application of
Lemma, 5.8 completes the proof. O

6. WEAK RATNER’S PROPERTY FOR SPECIAL FLOWS

In this section we present techniques that will help us to prove the weak Ratner
property for special flows built over isometries. The following is a general version
of Lemma 5.2 in [8]. We omit its proof since it is showed as in [§].

Proposition 6.1. Let (X, d) be a compact metric space, B the o—algebra of Borel
subsets of X and let p be a probability Borel measure on (X,d). Assume that
T:(X,u) = (X,pn) is an ergodic isometry and f : X — R is a bounded positive
measurable function which is bounded away from zero. Let P C R\ {0} be a
nonempty compact subset. Assume that for every ¢ > 0 and N € N there exist
k=#r(e)>0,0<d=0(e,N)<eand Z=Z(e,N) € B, u(Z) > 1— ¢ such that
if x,y € Z, 0 < d(z,y) < 9, then there are natural numbers M = M(xz,y) > N,
L = L(z,y) > N such that L/M > k and there exists p = p(x,y) € P such that

%#{M§n<M+L:|f(")(x)—f(”)(y)fp|<s}>1—5.

Suppose that v € R is a positive number such that the vy—time automorphism T{ :
X1 — X7 is ergodic. Then the special flow TT has the R(v, P)-property. O

Definition 5. Let 0 < a < b. A sequence (z,)n>0 taking values in [-R, R| N Z
(R > 0) is called a—sparse if there exists an increasing sequence (ky,)m>0, ko = 0,
of natural numbers such that

(i) @, # 0 with n > 1 if and only if n = &, for some m > 1;
(i) kmi1 — km > a for all m > 1;

If additionally
(iii) km+1 — km < b for all m > 0.

then (z,,)n>0 is (a, b)—sparse.

Remark 6.2. If (x,,),>0 is a—sparse then ‘EZ;S xk‘ < R(1+n/a).
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Let T : X — X be an isometry of a metric space (X,d). Let f : X — R be
a Borel function and let H = {hy,...,hs}, s > 3, a collection of real numbers.
Assume that

(23) hi,...,hs_1 are linearly independent over Q and hs_1 = hs.

Let Nj: X x X =+Z,j=1,...,s+1,and b: X x X — R be Borel functions such
that for some constants R, B > 0

(24) |Nj(z,y)| <R, j=1,...,5+1 and |b(z,y)| < B whenever d(z,y) < 1.

Moreover, suppose that there exist positive constants Cy, Cy; < Cs such that for
any pair of distinct z,y € X with d(z,y) < 1/2 we have

P () = 10 @) = QNG (e y)hy)|

(25)

é ‘b(.’E, y)NSJrl(xv y) - b(Tn.’E, Tny)Ns+1(Tnx7 Tny)| + Cond(1'7 y)a
(26) Vicj<s+1 (Nj(T"2,T"y))n>0 is C1/d(x,y)-sparse,
(27) Jicjcs—2 (Nj(T"x, T"y))n>0 is (C1/d(x,y), Co/d(x,y))-sparse,
where N;”)(z,y) = S0 N (TFa, Try).

Lemma 6.3. Under the above assumptions there exist 0 < py < p1 such that for
every € > 0 and N € N there exist k = k(e) > 0, 0 < § = §(e,N) < € such that
if x,y € X, 0 < d(z,y) <9, then there are natural numbers M = M(x,y) > N,
L = L(xz,y) > N such that L/M > k and there exists p = p(x,y) with po < |p| < p1
such that

%#{M§n<M+L:|f(")(:c)—f(")(y)fp|<s}>1—5.

Proof. Let

H = erhj cr; € [-R,RINZ,j=1,...,s p \ {0}
j=1
and h = min{|w| : w € H'} > 0. Fix 0 < ¢ < min(1/2, CyC1/s,h/(4s)) and N > 2.
Without loss of generality we can assume that 0 < C; <1 < Cp, Cs. Set

(28) §:=e%C1/(2CoN) and & := £/(65CCs).
Fix two distinct 2,y € X with
d:=d(z,y) <9
and set L = [¢/(Cyd)]. Note that
(29) N/e? <e/(2Cod) < L < e/(Cod) < Cy/(sd).

The number M will be chosen between Cy/d and 3sCy/d, and we will precise its
value later. Then
e/(2Cyd) €

L/M > _ — xand M > Cy/d > N.
IM 2 =50~ 6sCoc, ~Hamd Mz Ci/d=
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By assumptions, there exists an increasing sequence (k;,)m>0, ko = 0 of natural
numbers such that

i z,T"y) =01or k,, <n <kpyiandforallm>0and 5 =1,...,s;
30 N;(T"z, T" 0 for k K+ d f 11 Oand j =1
(31) for each m > 1 there exists 1 < j < s with N;(T*mz, T*"y) # 0;
(32)  kmy1 — km < Co/d for m > 0;
(33)  kmys — km > C1/d for m > 1.
Since kypts — km > C1/d > sL,
(34) for every m > 1 there exists m < m' < m + s such that ky,, 11 — Ky > L.

We use (34) for m = s+ 1 and obtain m;, and apply again (34) for m; + 1 to have
s <my < mg <my + s such that k,,, 411 — Kk, > L for ¢ =1,2. It follows that the
set

{(m1,m2) € N2:s<my <2s, mi <mo<my+s, Em;+1 — km, > L, i =1,2}
is not empty. Pick a pair (my,msg) from this set with the smallest my — m;. Then
(35) kma1 — km < L for all m; < m < mo

and
for each 1 < j < s there exists at most one natural number m

36
(36) for which N;(T*m2, T*"y) # 0 and m; < m < m.

Indeed, suppose contrary to our claim that there exist 1 < j < s and m; < mj} <
ml, < mg such that Nj(Tkméx,Tkmé y) # 0fori=1,2. Then m)—m) < ma—m; <
s. Since (N;(T"x,T"y))n>0 is C1/d-sparse, ky; — ky,, > C1/d > sL. Therefore,
there exists m}j < m’ < m} such that ks 11 — kny > L, contrary to the definition
of (my, ms).

Take My € {km,+1 — L, km,+1 — L + 1} and My € {ky, + 1, ks, + 2} so that
N1 (TMig, TMiy) = 0 for i = 1,2. In view of (35) and (29)

2s €
(37) My—My<L+2+ Y (kmi1—km) < (s+1)L < Cod
mi<m<ms
By (30) and (36), for each j =1,...,s
M M
NM (2 y) ~ N (@)= S Ny(TF0e, THy) € [-R, RN Z.

mp<m<ma

Moreover, in view of (31), there exists 1 < jo < s—2 such that N, (T*m2z, Tkmzy) £
0, hence

N (@, y) = N (@, y) = Ny (THma, TR y) 0.

Jo 0
It follows that

S

SN (2,y) = N (@, )by € H.
=1
Therefore

STNMEEM (Mg My R > b

Jj=1
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As Ny (TMig, TMiy) = Ny (TM22, TM2y) = 0, in view of (25) and (37),
_ - Mo—M
A y) — pORM (M) = BTN, Ty
j=1

< Co(My — My)d < 2s¢ < /2.

It follows that

[P0 () = FOR) (@) = (O () = 7O (@)

= [ My — fORMOT V)| > h2.
Consequently, either for M = M; or M = M, we have
£ (y) = fO0 @) > h/4=:po > 0,
and let M = M;. Since ky,, < M <M + L —1<ky,+1, by (30),forall 1 <j<s
N;(T"z,T"y) =0forall M <n< M+ L -1,

hence

(38) NMI(TMy, My)y = 3" Ny(TFw, TFy) = 0 for all M < n < M + L.
M<k<n

Since s < m; < 2s and ms < my + s < 3s, in view of (32) and (33),
C1/d < kp, and kp,, < 3sCy/d,

hence

(39) Cy/d < M <3s5Cy/d+ 2.

As Ny (TMz, TMy) = 0, by (25),

FOD(y) = FO0@)| < 7N (@, )| 1l + 16w, 1) N (2,9)] + CoMd,
j=1

Since (N;(T"x,T™y))n>0 is C1/d-sparse, by Remark 6.2 and (39),
‘N;W(x, y)‘ < R(1+ Md/Cy) < R(35C/Cy +2),
hence
FOD () — f(M)(x)‘ <R | (35C2/C1 +2) Y |hj| + B+35CoCy+2 | =:p1.

j=1

Let p := fM)(y) — fM)(z). Then, in view of (38), (25) and (29), for each M <
n < M + L we have

P () = 1 @) = pl = |1 () = £ @) = (PO () = 1D (@)

= |fTM@My) - frTM (M) = YN T e T )by
j=1

< Co(n — M)d+ B N1 (T 2, TMy)| + B |Noyr (T"z, T™y)|

< CoLd + B|Nsj1(T"z,T"y)| < € + B|Nsy1(T"z, T"y)| .
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Since (Ngy1(T"x, T™y))n>0 is C1/d—sparse,
H#H{M<n<M+L:Ng1(T"x,T"y) # 0} < dL/Cy1 + 1.
It follows that
#M<n<M+L:|f™y) - f™(z)—p| <et>L—-dL/C, —1.
In view of (28) and (29),
dL/Cy +1<&3C,/2-L)Cy + Le* < L.
Consequently,
#M <n<M+L:|f™M(y) - f(2) —pl <e} > (1-e)L,

which completes the proof. ([l

We will consider now T an isometry of a (compact) metric space (X, d) which
is ergodic with respect to a probability Borel measure p. We will assume that
(X,d) is another metric space. Moreover, we assume that 7 : (X,d) — (X,d)
is a surjective function which, in addition, is uniformly locally isometric. More
precisely, 7 : B3(7,1/2) — By(m(Z),1/2) is a bijective isometry for every ¥ € X.
Let T: X — X be an isometry of ()?,C/l\) such that moT =T o.
Proposition 6.4. Let T : (X,p) — (X, u) be an ergodic isometry of a metric
space (X,d). Suppose that f : X — R is a bounded positive Borel function which is
bounded away from zero. Let f : X — R given by f = fow. Assume that there exists
a collection of real numbers H = {hq,...,hs} and Borel functions b: X x X — R,

N; : X xX —=1Z,j=1,...,s+ 1, satisfying (23)-(27) for f and T. Then the
special flow T satisfies weak Ratner’s property.

Proof. By Lemma 6.3 applied to T and f, for every 0 < e < 1/2 and N € N there
exist K = k(e) > 0,0 < 6 = d(e,N) < € such that if Z,y € X,0< c?(f,g?) < 6,
then there are natural numbers M = M(Z,y) > N, L = L(Z,y) > N such that
L/M > k and there exists p = p(Z,y) with py < |p| < p; such that

1
z#{M§n<M+L: 1™ @) — ™) - pl <g} >1-e.
Let z,y € X arbitrary distinct point such that d(z,y) < §. By assumption, there
are distinct Z,y € X such that 7(Z) =z, 7(y) = y and d(Z,y) = d(z,y) < 0. Since
f@) = @) = £ @) - 1),

it follows that T and f verify the assumptions of Proposition 6.1 with P = [—p;, —po]U
[po,p1]. This gives R(tg, P)—property for all t; € R\ {0} such that Tt’; is ergodic
and weak Ratner’s property follows. ([

7. SPECIAL FLOWS OVER ROTATIONS ON THE TWO TORUS

In this section we will deal with special flows over ergodic rotations T'(z,y) =
(x + a,y + B) on T?2. We will constantly assume that both a and 3 have bounded
partial quotients. We will consider roof functions of the form

f(z,y) = f[il@) + f2(y) + g(z, ) + vh(z,y),
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where f1,fs : T — R are piecewise C?~functions which are not continuous, ¢ :
T? — Ris C?, h: T? — R is given by

h(z,y) = a{y} — ({z} + )[{y} + B

and v € R. The function h naturally appears when considering rotations on the
nil-manifold which is the quotient of the Heisenberg group modulo its subgroup of
matrices with integer coefficients.

In order to prove weak Ratner’s property for the corresponding special flows, we
will apply Proposition 6.4 in which X = T? = R?/Z2, X = R2, 7 : R? — T? is
defined naturally and 7 is the translation on R? by (o, B).

Lemma 7.1. Let a € R be an irrational number with bounded partial quotients.
Let us consider the function N : R x R — Z, N(x,2’) = [¢'] — [z]. Then there
exist positive constants Cy,Cy such that for any pair x,2’ € R of points with 0 <
|z — 2’| < 1/2 the sequence (N(z + na, ' 4+ na))p>o is (C1/|x — 2’|, Ca/|x — 2'|)-
sparse.

Proof. Since a has bounded partial quotients, there are constants C7,Cs > 0 such
that for each m € N the lengths of intervals I in the partition of T arisen from
0,a,...,(m — 1)« satisfy

Suppose that > z’. Then [z 4+ na] — [z’ + na] € {0,1} and

/

[z + na] — [¢' + na] = 1 if and only if na € [z, —2') + Z.

)
Suppose that n; < ng are natural numbers such that nj«a, noa € [—z, —2’) +Z and
na ¢ [—z,—x') + Z for ny < n < ng. It follows that the interval [—z, —z') (as an

interval on T) contains exactly one point of the sequence nja, ..., (ns — 1)a, hence
C
[z, —2")| < 25—
2(77/2 — nl)
Moreover, [—z, —z') contains exactly two points of the sequence nq, . . ., naa, hence
2C C
[z, —2")| > — > ——
ng —ni +1 ng — Ny
Therefore,
C C
B 727
v —a] @~z
which completes the proof. O

Remark 7.2. Let us consider the function v : R — R, u(z) = {z}. Then for the
translation * — = + o on R

n—1

u™ (z Z{x—i—ka}—Z(m—&—k‘a—[x—i—ka})
k=0
and for distinct x, 2’ € R we have
n—1
(40) u™ () —ul™(2) = n(z’ —2) + Y _([¢' + ka] — [z + ka]).

k=0
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Remark 7.3. Let us consider the function h : R — R, h(z,y) = a{y} — ({z} +
a)[{y} + B]. (Note that h = hox.) Observe that

h(z,y) = ay +afy] = (z + a)ly + 6] + [2]([{y} + 5).
Then, for the translation (z,y) — (z + o,y + 8) on R? we have

n—1 n—1

B (@,y) = zly] — (@ +na)ly +nBl+a Y (y+EB)+ Y [z +kal([{y+kB} + B]).
k=0 k=0

It follows that
R (2 ') — B (z,y)
= [y’] —zfy] — (&' + na)y’ + nf] + (z + na)ly + nb] + an(y’ —y)

+Z '+ ka)[{y + kBY + 8] — [z + kal[{y + kB} + 8)),

hence

™M (') — b (2, y) = an(y’ —y) — (ly +nb] — [y]) (@' — 2)
+ JU'([ T=1M]) = (@ 4+ na)([y' + nB] — [y +np])

+Z ([2' + ko] — [z + ka])[{y + kB} + B]

n—1

+ ) [+ kal({y' + KB} + 8] — [{y + kB} + B)).

Moreover,

n—1

> @'+ kal([{y + kBY} + 8] — [{y + kB} + B])

k=0

W kal((l + (k + 1) — [y (5 DB — (' + k8] — [+ 8))
k=0
n—1

= > ([2' + ko] - [ + (k+ Da)([y' + (k+ 1)B] - [y + (k+1)B))
k=0

+' + nal([y' + 1Bl — [y +np]) — [&')([Y] - [v])-
Consequently,

R (@ y') = 1™ (z,y) = an(y’ —y) — ({y} +nf) (@’ — 2)
+{2"}[y'] = [y]) — {2" + na}([y' + nB] — [y + np])

n—1

(41) - Z[{x’+ka}+a]([y’+ (k+ 1B =y + (k+1)5])

+ Z '+ ka] — [z + ka])[{y + kB} + B.
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Theorem 7.4. Let T(z,y) = (x+a,y+8), a, B € [0,1), be an ergodic rotation on
the torus T2 such that both o and B have bounded partial quotients. Let f : T? — R
be of the form

f(@,y) = fi(x) + f2(y) + 9(z,y) + vh(z,y),
where f1, fo : T — R are piecewise C?—functions which are not continuous and g :
T? — R is C2. Suppose that f; has s; discontinuities with jumps of size dii, ... dis,
fori=1,2. Assume thatd; 1,...,d1s,,d21...,d2 s, are independent over Q. Then
T satisfies weak Ratner’s property in the following two cases:

i) v,di1,---,d1,s,,d2,1,.-.,dzs, are independent over Q and 251:1 dij— By
or Z;il da j + ary is non-zero;
(i) v = 0.

Proof. Since
51 52
/Tz folx,y) dedy = de — B~ and /11‘2 fy(z,y) dedy = ZdQJ + ar,
j=1 j=1

by Theorem 3.2, the special flow 77 is weakly mixing.
Note that every piecewise C?—function F : T — R with s discontinuities Aj, ..., A,
with jumps di,...,ds respectively, can be represented as

F(x) = F(z) + Zdj{OU - A,

where F is a continuous function which is piecewise C2. Therefore, we can assume
that

fi(z) = Zdi,j{x —A;;}fori=1,2
j=1

and g is a Lipschitz function.
We proceed to the proof of (i). On R? and T? we will consider the metrics

~

d((w,y), (&, ) = max(|e’ — ], ly —y) and d((z,y), (z',')) = max(|2’ —z], |/ —
y||), respectively. Then the map 7 : R? — T2, n(z,y) = (v,y) + Z? is surjective
and uniformly locally isometric. Moreover, m is equivariant for the translation
T:R2 >R, T(z,y)=(x+a,y+B)and T. Let f= forand = gom. In view
of (40) and (41)

F @y — F ™ (z,y) = 3™ (', y) — 5 (z,y)

+n Zdl’j_’yw (' —x)+n ng,j—i—'ya (v —y)
j=1

Jj=1

Si

+ 3 SN (@), @y dig + N () (2 9)y

i=1,2 \j=1
— (T (2,y), T" (@ y )N (T" (2,), T"(«', /)
+b((z,y), (@, y)N((2,y), («,y),
where N( .y :R? xR? — Z and b : R? x R? — R are given by
Nyj((@y), (2 y) = [ = Ax ] = o = Ay,
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N j((2,y), (2",y") = [y’ — Do) — [y — Az ],
Ni((z,y), (2",y") = ([2'] = D[y} + 8],
Na((z,y), (@",y) = —[{z'} + oJ([y’ + 8] — [y + B])
b((z,y), (@',y) = {2’} N(z,y),(@"y") = y] - [y].

By Lemma 7.1, there exist positive constants C1, Cy such that for any pair of
distinct point (z,y), (z’,9’) in R? with d := d((z,y), (z’,9’)) < 1/2 we have:

o [No)((z,y), (2",9)) < 1 and [b((z,y), («",y')] < [7];

e each sequence (N(.ﬂf"(m,y),f”(mﬂy’))) . is C1/d-sparse;

o (NP (a), T2 ))) s (Crfd, Oy sparse for all j =1, sy
whenever |z’ — z| > |y’ — y;

o (Ngvj(fn(x’y)’fn(zl’y/)))mo is (C1/d,Cy/d)-sparse for all j =1,..., s
whenever |z’ — z| < |y’ — y|.

Moreover, if L stands for the Lipschitz constant of g then

‘/g\(n) (l‘/, y/) - /g\(n) (33, y)'
+In Zd {y}‘Fnﬁ] (x'—x)+n Zdlj—"a (y/_y)

< nCod((ﬂf,y), (17 Y ))7

where
S1 So
Co=L+ Z |d1,5] + Z |da ;| + |a| + 8] + 2.
j=1 j=1
Since di1,...,d1,5,,d2,1,...,d2,,7 are independent over QQ, the assumptions of

Proposition 6.4 are verified with R = 1 and B = |y|. This completes the proof of
weak Ratner’s property for the special flow T/ in case (i).
The proof in case (ii) runs as before. O

8. MILD MIXING

Using a result from [8] we will now show mild mixing property for the class of
flows from the previous section.

Lemma 8.1 (see [8]). Let (S¢)ier be an ergodic flow on (X, B, 1) which has finite
fibers factor property. Then the flow (St)ier is mildly mizing provided it is not
partially rigid. O

Theorem 8.2. Under the assumptions of Theorem 7.4, the special flow T is mildly
MiTINg.

Proof. In view of Theorem 5.9, since the special flow 7/ has weak Ratner’s property,
it is a finite extension of each of its non-trivial factors. As [ f,(z,y)dzdy # 0 or
[ fy(z,y) dzdy # 0, by Theorem 4.1, T is not partially rigid. An application of
Lemma 8.1 completes the proof. (I
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Example. Let us consider the roof function f: T? — R, the form
f(z,y) = a{z} + b{y} + ¢ with a/b € R\ Q or
f(x,y) = afz} +b{y} + c(afy} — ({2} + 0){y} + B]) + 4,

where a, b, ¢ are independent over Q with a # ¢ or b # —ca. By Theorem 8.2, the
special flow T/ is mildly mixing provided that T'(z,y) = (z +a, y+ ) is an ergodic
rotation on the torus T2 such that both o and 8 have bounded partial quotients.

In the light of next section it is not however clear whether flows from Theo-
rem 8.2 are not mixing. We will now show that at least some of them are certainly
not mixing. The main idea is to find «, 5 € T so that 1,«a, 5 are rationally inde-
pendent, « and § have bounded partial quotients and the intersection of the sets of
denominators of « and 8 are infinite. Examples of such « and 3 have been pointed
out to us by M. Keane. Below, we present his argument.

Let (an)n>1 be a palindromic sequence in {1,..., N} (for some fixed N > 2),
i.e. we assume that (a,)n>1 has infinitely many prefixes which are palindromes and
(ay) is not eventually periodic; if in the standard Thue-Morse sequence 01101001 . ..
we replace 0 by 1 and 1 by 2 the resulting sequence is palindromic for N = 2, see
e.g. [1]. Let

a:=1[0;a1,as,...] and 8 :={1/a} =[0;as9,as,...].

Since « is not quadratic irrational, a, 1/, 1 cannot be rationally dependent. More-
over, if a; ...ay, 41 is a palindrome then in fact

a=1[0;a1,as,...,ak,,...] and 8 = [0;ax,, Gk, —1,--.,01,...].
It is classical that
[0;a1,a9,...,a5,] = P and [0;ag, ,ak,—1,.-.,01] = r—n,
dn dn

so the k,—th denominators of o and 8 are the same. In this way we have obtained
an infinite sequence (g, ),>1 for @ and g (each ¢, being the k,—th denominator of
a and B). Setting f(x,y) = a{z} + b{y} + ¢, by the Denjoy-Koksma inequality,
| £ (2, y) —qn [ fdp| < 2(|a|+|b]). Since (g,) is a rigidity sequence for the ergodic
rotation T(x,y) = (z+a,y+ ), by standard arguments (see |18]), the special flow
T7 is not mixing (in fact, it is not partially mixing, see Section 10).

9. MIXING

In this section we will show that von Neumann’s special flows over ergodic two-
dimensional rotations can be mixing. We will make use of the following criterion
for mixing in which a partial partition of T means a partition of a subset of T.

Proposition 9.1 (see Proposition 3.3 in [5]). Let T be the special flow built over
an ergodic rotation T : T?> — T2, T(x,y) = (x + a,y + () and under a piecewise
C? roof function f: T? — R,. Let (1), (en) and (k,) be sequences of real positive
numbers such that 7, — 00, e, — 0, kn, — 00 and let (n,) be a sequence of partial
partitions of T, where n, = {C’Z-(n)} and Ci(n) are intervals such that

sup |C’Z-(n)| — 0 and Z |CZ-(n)| — 1.
Cz(n)enn Cin)e’f]n

Suppose that there exists ng such that if n > ng then
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o for any m € [12,/2,279,41], y € T and C’Z»(Qn) € 19, the map Ci(%) Sz
f)(x,y) € R is of class C? and

kop < inf £ (2, y)|CPM),
zeCcm

m 2n : m
sup | £ (2, 9)||C| S 230 inf | £ (2, )],
xeci(gn) xeci( ™

C(2n+1)

o for any m € [Tant1/2,2Tan42], © € T and € Nont1 the map

Ci(2"+1) Sy f(x,y) €R is of class C? and
bong1 < inf [f (@) |CPY),

yeC.(Q"'H)
2n-+1 .
sup | f5m (@, )|CF" Y < egnpr inf £ ()],
yec®™ yecnty
Then T7 is mizing. (I

Remark 9.2. The above criterion for mixing has been formulated by Fayad [5] only
for C? roof functions. Nevertheless, following word by word Fayad’s proof we obtain
that the assertion holds whenever f is piecewise C2.

Let (7(n))nen be an increasing sequence of positive real numbers such that
(1) > 1 and v(n) — oco. Choose a pair of irrational numbers «, 8 € [0,1) such that
denoting by (g,) and (r,,) the sequences of denominators for o and S respectively
we have

(42) 4y(n — 1)y(n)gn < rn and 4y(n)?r, < gny1 for all n > 1.

As it was observed by Yoccoz in [31, Appendix A] the set of all pairs satisfying (42)
is uncountable. Note that the rotation T : T? — T2, T'(z,y) = (v + o,y + B) is
ergodic. Indeed, if T is not ergodic then there exist integer numbers k # 0, [ #£ 0
and m such that ka + [ = m. Next choose n € N such that

(43) v(n) > max([kl, |1]).

In view of (42),

qn+1 < dn+1

llgn| < v(n)gn < 4y(n — 1)y(n)g, < r, and 2r, <

2v(n)? = 2[k|
It follows that 2k
1
gl > 1Bl 2 5 > =
n qn+1
Moreover,
k|
”anaH < |k|HQ7za|| < —
qn+1
Therefore
||

0 = llgnmll = llgn (ke +18)[| = [llgn Bl — [|kgnall = P 0,

n

a contradiction.

Theorem 9.3. Let f : T? — R, be a piecewise C?—function satisfying (3). For
every rotation T : T? — T2, T'(z,y) = (z+ «a,y+ B) satisfying (42) the special flow
Tf is mizing.
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Proof. Let 0 < a7 < ... < ay < land 0 < b; < ... < by < 1 be points
determining the lines of discontinuities for f. Since f,, f, : T?> — R are Riemann
integrable function, by the unique ergodicity of 7' and (3), there exist § > 0 and
mg € N such that

(44) mf < |(f2)"™ (z,y)| and mo < [(f,)" (z,y)|
for all (z,y) € T? and m > mg. Let

© = sup max(|fez(x,y)|,|fyy(z,9))]
(z,y)€T?

Then
(45) |(fea) ™ (2, 9)] < mO and |(f,y)™ (2, y)] < m®.
Choose ng € N such that gy, 7n, > mo. Fixn > ng. Let  stand for the partition

(into intervals) of T determined by points a; — jo, 1 <I< N, 0<j < qp [ %"EH—‘
([#] = min{n € Z : x < n}). Set

N 1
{CEY =mn =T €|l > ———1.
¥(1)qn

Recall that for every 1 < [ < N the diameter of the partition T determined by
points a; — ja for 0 < j < ¢y, is bounded by qi + ﬁ. Since 7y, is finer than each
such partition,

n 1 1 2
max \0(2 )| < —+ <——=0.
0(2">en dn dn+1 dn

For every pair [, j, where 1 <1 < N and 0 < j < ¢, let us consider the family of

points
. . . dn+1
Al":{al—]+zqna:0§z<[ -‘}
J - dn) +(n)an

Note that U;<;< v Up<j<q, A1, coincides with the set determining x. Moreover,

for all 0 < 4,4’ < [ %"En-‘ we have

I(ar = G+ ian)a) = (@ = G+ Pg)a)| = 11 = Manall < 5 anal

1

1
= ¥(n)qn < \/’y(n)qn'

It follows that for every pair [, j there exist 0 < i(l, 4,0),i(l,7,1) < L‘é:&;n—‘ such
that

Al,j C Il,j = [al - (] + 7’(17]7 O)qn)aaal - (.7 + Z(lm?u I)Qn)a)]
and |I; ;| < 1/(\/7(n)g,). Denote by x; the family of intervals I € x such that

ICIjforsomel <!<NandO0<j< g Since |I| < 1/(y/v(n)g,) for every
I € k1, we have k1 C K\ 12, and

(Un=3Y 3 inl< J%q S

I€k: 1<I<N 0<j<qn v(n)

Furthermore, the ends of every interval I € x\k; are of the form a;—(j+i(l, 7, s)qn )
for some 1 <I< N, 0<j<gq,and s =0,1. It follows that #(k \ k1) < Ngy.
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Let ko stand for the collection of all T € x \ k1 such that |[I| < mq". Since

#ro < #(k\ kK1) < Ng,, we obtain

1 N
( ,gz ) " V) v(n)
By the definition of kq and k2, 172, = £ \ (k1 U k2), and hence

XiIICf"):l—AT(U I)—/\T<U 1) S

Iery I€ko

—1

y(n)
Next let us consider the partition " of T determined by points b; — (§ + ir,, )0,
1g1§N,0§j<rn,ogz‘grn[”“ ] and set

y(n)rn
n 1
{CP" Y =y =T e w1 |I] > — :
Y(n)ry
Then
n 2 n 2M
,, max P < = s 0and Y0P 21— 1.
C;" " enanp T'n i 7(”)

Finally for every n > ng set

Ton = 2Y(N)Gn, Tont1 = 2y(n)ry,

20 20
€on = 7—, E2nt1 = 7—, kon = kont1 = 04/7(n).
0q,, or

n

Assume that m € [12,,/2, 272n41] (n > ng) and fix y € T. From (42) we have
n+1 —‘

V(n)gn

Then every discontinuity of  — f("™)(x,y) is of the form a; — jo with 1 <1 < N,

0<j < qy[=2t1], and hence CZ@") >z fM(x,y) € Ris of class C? for every

(46) mo < 'Y(n)Qn <m< 47(”)""'@ < Qn-i-l/'}/(n) < qn ’V

¥(n)an
C®™ ¢ ny,. Since \/7(17)% < |0 < Z, by (44), (45) and (46),
n 1 1
inf | (2,9)[|CEY] = Om—ee— > 03(n) gy —m=— = 03/7(n) = 2n,
zeC™ Y(n)n 7(n)gn
20 20
eon I |f(z,y)| > om = T
xEC,i(Q") Oqn dn
and 5
m 2n . m
sup | (@, O] < Om— <o inf £ (w,y)l.
zecm an zec®™
Similarly, if m € [T2n+1/2, 272n42] and n > ng then y(n)r, < m < r,11/v(n).
Moreover, for every z € T and CZ»(%H) € Nony1 the function CZ.(Q”H) Sy

f)(x,y) € R is of class C? and

kopsr < inf [0 (@,y)| /OB Y],
y C£2n+1)

2n+1 .
sup | f5 (@ IO < enpr inf (£ (@),
yec ™ yec Y

i
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Now an application of Proposition 9.1 completes the proof. O

10. REMARKS

As we have already noticed in Section 8 certainly not all von Neumann’s special
flows over two-dimensional rotations are mixing. As a matter of fact, if assume
that f(z,y) = fi(x) + f2(y) (we assume tacitly that f > 0 and [, fdAr2 =1 and
we set fo = f — 1) and « and § have a common subsequence of denominators then
basically we will copy results from the one-dimensional case. Indeed, the strong
von Neumann’s condition (3) is reduced to (1) for f; and fo separately (and f; is
piecewise C2, i = 1,2). Denote by (g,) and (t,) the sequences of denominators
of o and 3 respectively. If we assume additionally that « and 8 have a common
subsequence of denominators I, := gy, = t, for infinitely many k£ > 1 then it

follows from [7] that the sequence of centered distributions ( él’“))* — P weakly in
the space of probability measures on R (the probability measure P is concentrated
on the interval [—(Var f1 + Var fa2), Var fi + Var f2]). Thus, by |7]

(47) Upr — | Ups dP(2)
Iy R t
in the space of Markov operators on L2((T2)/,\],), whence (again by [7]) T/ is
spectrally disjoint from all mixing flows, which in particular rules out the possibility
of T/ being mixing; here by Urs we denote the corresponding Koopman represen-
tation: UpsF'= F o th for t € R. In fact, (47) implies even the absence of partial
t

mixing for 7. Indeed, recall that partial mixing means that there exists a constant
k > 0 such that
lim inf ML (ANT/(B)) > kAL (AN (B)

for each A, B € Bf. In terms of Markov operators it follows that for any conver-
gent subsequence U,s — J we have J = xll(r2ys + (1 — k) K where I(p2y¢(F) =

Sk
sz FdMp2 and K is another Markov operator. Now, if we take s = [ we will
obtain

/ UTf dp(t) = K/H('H‘Q)f + (1 — K)K
R t

which is possible only if K = 0 (indeed, otherwise by taking an ergodic decom-

position of the joining corresponding to K we would obtain two different ergodic

decompositions of the joining corresponding to the same Markov operator, see [7]).
The following natural questions easily follow:

1) Is it possible to obtain a mizing strong von Neumann’s flow over the rotation
by (o, B) if a and B have a common subsequence of denominators?

2) Given (a, 3) € T? is there a large class of piecewise C? functions satisfying (3)
for which mizing is excluded? Tt seems that such a question makes sense even in case
of smooth functions on T2. We recall that mixing of T is excluded whenever the
sequence ((f(gn))*)nzl does not converge to d., in the space of probability measures
on RU {oc}, see [24], [29].

Note in passing that the weak convergence of measures ( fén))* — 0o takes place
for all examples coming from Theorem 9.3.

3) Is it possible to obtain mizing for strong von Neumann’s flows over the rotation
by (o, B) where «, 8 have bounded partial quotients? More specifically, is mizing
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possible in the class of flows considered in Theorem 7.4 7 If the answer to the second
question is positive then Theorem 7.4 would give the first examples of mixing special
flows over rotations having (weak) Ratner’s property. For such flows mixing of all
order follows; indeed, flows having weak Ratner’s property are quasi-simple in the
sense of [27] and mixing implies mixing of all orders for such flows [27]. Another
possibility to obtain mixing of all orders would be to show that for example if we
take f(z,y) = a{z} + b{y} + ¢ and (¢, 8) satisfying (42) then the spectrum of
Urps is singular: mixing of all orders would follow from [12]. We recall that Fayad
in [6] has constructed a smooth reparametrization of a linear flow on T2 which
is mixing and has simple singular spectrum. Such a reparametrization flow has
a representation as the special flow over a two—dimensional rotation and under a
smooth roof function.

Little is known about the spectrum of weak von Neumann’s special flows. It
seems to be completely open whether such flows can have an absolutely continuous
component in the spectrum. This is impossible over rotations on T (in fact, in the
one dimensional case we have even spectral disjointness with all mixing flows [7]).
It is neither clear whether such flows can have simple spectrum — this remains an
open problem even in the one dimensional case.

Finally, it would be nice to decide whether there exists a weak von Neumann’s
special flow over two-dimensional rotations which is self-similar — this is impossible
for von Neumann’s special flows over rotations on the circle [10].
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