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Definition.
Let C be a category with an action of a group G. If F : C → C ′ is a
functor, then a family φ = (φα : F → Fα)α∈G of natural isomorphisms
is called admissible if the following conditions are satisfied:

(1) φ1,x = IdFx for each x ∈ C ,
(2) φβα,x = φβ,αxφα,x for each α, β ∈ G and x ∈ C .

Notation.
Let C be a category with an action of a group G, F : C → C ′ a
functor, and φ = (φα : F → Fα)α∈G an admissible family of natural
isomorphisms. For all x, y ∈ C we define

F (1)
x,y :

⊕
α∈G

C (αx, y) → C ′(Fx, Fy)

and

F (2)
x,y :

⊕
α∈G

C (x, αy) → C ′(Fx, Fy)

by

F (1)
x,y ((fα)α∈G) :=

∑
α∈G

Ffα ◦φα,x and F (2)
x,y ((fα)α∈G) :=

∑
α∈G

φα−1,αy ◦Ffα.

Proposition.
Let C be a category with an action of a group G, F : C → C ′ a
functor, and φ = (φα : F → Fα)α∈G an admissible family of natural
isomorphisms. If x, y ∈ C , then F

(1)
x,y is isomorphism if and only if F

(2)
x,y

is an isomorphism.

Definition.
Let C be a category with an action of a group G, F : C → C ′ a
functor, and φ = (φα : F → Fα)α∈G an admissible family of natural
transformations. The pair (F, φ) is called G-precovering if F (2)

x,y is an
isomorphism for each x, y ∈ C . If in addition, F is dense then we say
that the pair (F, φ) is covering.
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Definition.
Let C be a category with an action of a group G. We define the
category C /G as follows: C /G has the same objects as C and

(C /G)(x, y) := {f ∈
∏

α,β∈G

C (αx, βy) | fγα,γβ = γfα,β for α, β, γ ∈ G,

#{β ∈ G | fα,β 6= 0} < ∞ for each α ∈ G, and

#{α ∈ G | fα,β 6= 0} < ∞ for each β ∈ G}.
We have the canonical functor π : C → C /G defined by

π(x) := x and π(f) := (δα,βαf)α,β

and the admissible family φ = (φµ : π → πµ)µ∈G of natural isomor-
phisms defined by

φµ,x = (δα,βµ Idαx)α,β.

The pair (π, φ) is a G-covering functor.

Remark.
If C is a category with an action of a group G, then

(C /G)(x, y) '
⊕
α∈G

C (x, αy).

Definition.
A category C is called basis if x 6' y for all x, y ∈ C , x 6= y.

Definition.
A category C is called semi-perfect if C (x, x) is local for each x ∈ C .

Lemma.
If C is a locally finite dimensional basic and semi-perfect category with
an action of a group G, then

dimk(C /G)(x, x)/ rad(C /G)(x, x) = |Gx|
for each x ∈ C .
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