SKEW GROUP CATEGORIES AND DERIVED
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BASED ON THE TALK BY HIDETO ASASHIBA

DEFINITION.
Let & be a category with an action of a group G. If F: 4 — %" is a
functor, then a family ¢ = (¢ : F' — Fa)qeq of natural isomorphisms
is called admissible if the following conditions are satisfied:

(1) ¢1, = Idp, for cach x € €,
(2) Dsar = Op.azdas for each a, 5 € G and z € F.

NOTATION.
Let € be a category with an action of a group G, F : € — €' a
functor, and ¢ = (¢o : F — Fa)aeq an admissible family of natural
isomorphisms. For all z,y € € we define

FY - @ %oz, y) — '(Fx, Fy)

a€eG

and
F® P E(x,ay) — €' (Fx, Fy)

a€eG
by
Fl((foc aEG ZFfao¢azand Fag,zy)((fa aEG qua 1ocyoFfoz

aeG aeG
PROPOSITION.

Let & be a category with an action of a group G, F : € — €' a
functor, and ¢ = (¢, : F' — Fa).cq an admissible family of natural
isomorphisms. If z,y € €, then Fély) is isomorphism if and only if Fﬁ,’

is an isomorphism.

DEFINITION.
Let € be a category with an action of a group G, F : € — €' a
functor, and ¢ = (¢ : F — Fa)aee an admissible family of natural
transformations. The pair (F, ¢) is called G-precovering if Fﬁ,) is an
isomorphism for each z,y € ¥. If in addition, F' is dense then we say

that the pair (F, ¢) is covering.
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DEFINITION.
Let € be a category with an action of a group G. We define the
category € /G as follows: €’/G has the same objects as € and

(%/G)("L‘ay) = {f € H Cg(am,ﬁy) | f'yoc,vﬁ = /onc,ﬁ for O‘7577 € G,

a,BeG
#{B € G| fap # 0} < oo for each a € G, and

#{a € G| fap # 0} < oo for each f € G}.
We have the canonical functor 7 : 4 — ¢’ /G defined by
m(x) == and 7(f) == (0apf)ap

and the admissible family ¢ = (¢, : @ — 7u),eq of natural isomor-
phisms defined by

¢,u,x = (d}zﬁ,u Idam)a,ﬁ
The pair (7, ¢) is a G-covering functor.

REMARK.
If € is a category with an action of a group G, then

(¢/G)(z,y) @CK T, 0y).
acG
DEFINITION.
A category € is called basis if z 22 y for all x,y € €, v # y.

DEFINITION.
A category ¥ is called semi-perfect if € (z,x) is local for each x € ¥.

LEMMA.
If € is a locally finite dimensional basic and semi-perfect category with
an action of a group G, then

dimy, (€ /G)(z,z)/rad(€/G)(x,x) = |G|
for each z € €.



