GEOMETRIC REALIZATIONS OF CLUSTER
ALGEBRAS OF FINITE TYPE

ANDREI ZELEVINSKY

ASSUMPTION.
Throughout the talk n is a fixed positive integer.

DEFINITION.
We say that B € M,,(Z) is called skew-symmetrizable if there exists
de Ni such that dibiﬂ' + djbjﬂ' = (0 for all 1,] € [l,n]

NOTATION.
We denote by Z the set of all skew-symmetrizable n x n-matrices.

NOTATION.
If b € Z, then [b]; := max(b,0).

DEFINITION.
For k € [1,n] we define the mutation uy : # — A in direction k by
urB := B’, where
ro —b; ifi=*korj=k,
" bij + bigl+ - [bryl+ — [=binls - [“bigly i # k#7,
fori,j € [1,n] and B € A.

REMARK.
piB = B for each B € A.

DEFINITION.
We call B, B’ € % mutation equivalent if there exist ky,...,k € [1,n]
such that B’ = py, - - - g, B.
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REMARK.
With a skew-symmetric matrix B we associate the quiver (g with
the set of vertices [1,n]| and [b; ;] arrows from j to i for 4,5 € [1,n].
This assignment induces a bijection between the set of skew-symmetric
matrices and the set of quivers with the set of vertices [1,n| which have
no loops and no cycles of length 2.

DEFINITION.
A finitely generated free abelian multiplicative group P is called a semi-
field if it possesses an auxiliary addition ¢ which is commutative, as-
sociative and distributive.
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EXAMPLE.
If P is the free abelian multiplicative group generated by pq, ..., pi,
then P together with the auxiliary addition @ defined by

[ e I1 = IT e

Jelin] Jjeltn] JELn]
for a,b € Z", is a semifield, which we denote Trop(p,...,p/).

DEFINITION.
By a Y-seed in a semifield P we mean a pair (B,y) consisting of B € %4
and y € P".

NOTATION.
Let % (P) denote the set of all Y-seeds in a semifield P.

DEFINITION.
Let P be a semifield and # := #(P). For k € [1,n] we define the
mutation ug @ % — % in direction k by ui(B,y) := (B',y’), where
B' := u. B and

e v ! if j =k,
i by ; _ . . .
! o (g @ 1)k if G £ K,

for j € [1,n] and (B,y) € ¥..

REMARK.
If k € [1,n], then p2 is the identity and we define the mutation equiv-
alence relation in the same way as before.

REMARK.
If P = Trop(p1,...,p), then with (B,y) € #(P) we may associate
Ce M(n+l)xn(z) by

- b@j if 1 € [1,71],
b Qj—n,j if1 € [TZ + 1, n + l],

for i € [1,n+1] and j € [1,n], provided y; = [[;cpy p;™? for each
j € [1,n]. If u) denotes the operation induced by py on the set of
matrices obtained in this way, then p;,C = C’, where

, {—c,-,j ifi=Fkorj=k

C i = e .
7 Cij+ [Ci,k]+ : [Ck,j]+ - [_Cz‘,k]Jr : [_Ck,j]+ ifi #k # j,

forie[l,n+1] and j € [1,n].

DEFINITION.
A Y-seed (B,y) in a semifield P is called principal provided P ~

Trop(y1, - - - Yn)-
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CONJECTURE.
Let (B,y) be a principal Y-seed in a semifield P. If (B’,y’) is a Y-
seed which is mutation equivalent to (B,y), then a;;a;; > 0 for all
i, 5,1 € [1,n] provided y; = [T,y y ! for each [ € [1,n].

REMARK.
The above conjecture has been verified for skew-symmetric matrices.

DEFINITION.
By a seed over a semifield P we mean a triple (B,y,x) such that (B,y)
isa Y-seed in P and x4, ..., z, are algebraically independent generators

of the pure transcendental extension of Q(P) of degree n, where Q(PP)
is the field of fractions of the group ring ZP.

DEFINITION.
If (B,y,x) is a seed, then z1, ..., x, are called the cluster variables of

(B,y,X).

NOTATION.
Let . (P) denote the set of all seeds over a semifield P.

DEFINITION.
Let P be a semifield and . := #(P). For k € [1,n] we define the
mutation py @ . — & in direction k by ux(B,y,x) := (B,y’,x/),
where (B')y’) := ux(B,y) and

z; if j £k,

I [b; k)t [=b4,k]+

j Uk Ilicp,n) % Hlicpan i ifj==k
)

(yx @)y

for j € [1,n] and (B,y,x) € .%.

REMARK.
If k € [1,n], then y3 is the identity and we define the mutation equiv-
alence relation in the same way as before.

NOTATION.
For a seed (B,y,x) we denote by 2 (B,y,x) the union of all cluster
variables of seeds which are mutation equivalent to (B,y,x).

NOTATION.
For a seed (B,y,x) over a semifield P we put

o (B,y,x) = ZP|Z (B,y,x)].

DEFINITION.
By a cluster algebra we mean an algebra of the form </ (B,y,x) for a
seed (B,y,x).
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THEOREM (LAURANT PHENOMENA).
If (B,y,x) is a seed over a semifield P, then

4 (B,y,x) C ZP[aE, ... z3].

THEOREM.
If (B,y,x) is a seed over Trop(py,...,p;), then

o (B,y,x) C Z[pf,...,pli,:ﬁ,... rE].

rrn

THEOREM.
If (B,y,x) is a seed over a semifield P such that (B,y) is principal,
then
A (B,y,x) CZyi, ..., Yn,75,...,27).
THEOREM.

If (B,y,x) is a seed over a semifield P such that (B, y) is principal, then
for each z € 27(B,y, x) there exist uniquely determined g, € Z" and

F, € Z[Ty,...,T,] such that z = x8 F,(y), where g; := y; []
for j € [1,n].

bij

i€[1,n] Ti

REMARK.

If (B,y,x) is a seed over a semifield P such that (B,y) is principal and
z € Z(B,y,x), then T; 1 F, for each i € [1,n].

REMARK.
If (B,y,x) is a seed over a semifield P such that (B,y) is principal,
then for each z € 2°(B,y,x) there exist G, H € N[T},...,T,] such
that F, = % Consequently, if y’ € P for a semifield ', then we may
define F,(y’) € P".

THEOREM.
Let (B,y,x) be a seed over a semifield P such that (B,y) is principal.
If (B,y’,x') is a seed over a semifield P, then

F.(y'
2By X) = {xe 0 | e 2By ),
biyj

where §; := y; [ [, 2 for j € [1,n].

EXAMPLE.
Let (B,y,x) be a seed over a semifield P such that (B,y) is principal.
If k€ [l,n] and (B,y’,x') := ux(B,y,x), then
8o, = ([=bugls -y [=bk—1ls =1, [=brsan], -5 [=bn])
and F% =T + 1.
REMARK.
Let (B,y,x) be a seed over a semifield P such that (B,y) is principal.
If B is skew-symmetric, then with every z € 2°(B,y,x) one may

associate an indecomposable representation M, of Q)p.
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DEFINITION.
If M is a representation of a quiver ) with the set of vertices [1,n],
then we put
Fyi=Y  X(Gre(M))Ty" - T,
ecN"
where for e € N we denote by Gre(M) the variety of subrepresenta-
tions of M of dimension vector e.

THEOREM.
Let (B,y,x) be a seed over a semifield P such that (B,y) is principal.
If B is skew-symmetric, then F, = Fy, for all z € 2 (B,y,x).

REMARK.
There is a similar interpretation of g-vectors for skew-symmetric ma-
trices.



