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BASED ON THE TALK BY YONG JIANG

Throughout the talk Q is a fixed quiver with the set of vertices I.
Let g be the Kac–Moody Lie algebra associated with Q. By the
U−
q (g) we denote the subalgebra of the quantized enveloping algebra
Uq(g) of g generated by the elements fi, i ∈ I. By the crystal basis of
U−
q (g) we mean a pair (L,B) such that L is an A0-lattice of U−

q (g), i.e.
L ⊗Q(q) ' U−

q (g), where

A0 :=

{
f

g
∈ Q(q) : g(0) 6= 0

}
,

and B is a Q-basis of L/q · L (observe that A0/q · A0 ' Q).
Now let w be an element of the Weyl group W associated with Q. We

also fix a sequence i = (i1, . . . , ir) of vertices of Q inducing a reduced
expression of w. For each k ∈ [1, r] we put

Fi,k := (Ti1 ◦ . . . ◦ Tik−1
)(fik),

where, for i ∈ I, Ti is the Lusztig’s braid automorphism associated
with i. Finally, if a = (a1, . . . , ar) ∈ Nr, then we put

Fi(a) := F
(a1)
i,1 · . . . · F

(ar)
i,r ,

where
x(a) :=

xa

[a]!

for an element x of U−
q (g) and a ∈ N,

[a]! = [1] · . . . · [a]

for a ∈ N, and

[a] =
qa − q−a

q − q−1

for a ∈ N. Lusztig has proved that for each a ∈ Nr there exists unique
element b of B such that the elements Fi(a) and b are congruent modulo
q · L. We denote the map induced in this way by Φi.

Let Λ be the preprojective algebra associated with Q. For a dimen-
sion vector d we denote by Λd the variety of the nilpotent Λ-modules
with dimension vector d. By Irr Λ we denote the set of the irreducible
components of the varieties Λd, d ∈ NI . Kashiwara and Saito have
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proved that there is a natural bijection Ψ between B and Irr Λ. Conse-
quently, we have the function Ψi := Ψ ◦ Φi : Nr → Irr Λ. We describe
this map explicitly.

For i ∈ I we denote by Ii the injective envelope of the simple Λ-
module at i. For k ∈ [1, r] we put

Vi,k := Si1,...,ikIik .

Here, for i ∈ I and a Λ-module V , we denote by SiV the maximal sub-
module of V whose composition factors are isomorphic to Si. Moreover,
if j1, . . . , jt ∈ I and t > 1, then Sj1,...,jtV := Sj1(Sj2,...,jtV ). Next, for
k ∈ [1, r] we denote by k− the maximal s ∈ [1, k − 1] such that is = ik
(we put k− := 0 if the is no such s). There is a natural embedding
Vi,k− ↪→ Vi,k and we put Mi,k := Vi,k/Vi,k− . If a ∈ Nr, then we denote
by Zi(a) the closure of the set consisting of the Λ-modules X such that
there exists a filtration

0 = X0 ⊆ X1 ⊆ · · · ⊆ Xr = X

such that Xk/Xk−1 ' Mak
i,k for each k ∈ [1, r]. Then Zi(a) ∈ Irr Λ and

Ψi(a) = Zi(a) for each a ∈ Nr.


